Understanding the dynamic formation mechanism of online collective attention has been attracted diversified interests such as Internet memes, viral videos, or social media platforms and Web-based businesses, and has practical application in the area of marketing and advertising, propagation of information. Bulletin Board System, or BBS can be regarded as an ecosystem of digital resources connected and shaped by collective successive behaviors of users. Clicks and replies of the posts quantify the degree of collective attention. For example, the collective clicking behavior of users on BBS gives rise to the up and down of focus on posts, and transporting attention between topics, the ratio between clicks and replies measure the heat degree of a post. We analyzed the dynamics of collective attention millions of users on an interactive Tianya Zatan BBS. By analyzing the dynamics of clicks we uncovered a non-trivial Hawkes process self-exciting regularity concerning the impact of novelty exponential decay mechanism. Here, it able to explain the empirical data of BBS remarkably well, such as popular topics are observed in time frequently cluster, asymptotic normality of clicks. Our findings indicate that collective attention among large populations decays with a exponential decaying law, suggest the existence of a natural time scale over novelty fades. Importantly, we show that self-exciting point processes can be used for the purpose of collective attention modeling.
Introduction
From earthquake modelling to financial analysis, Hawkes process is an interesting class of stochastic model for 'selfexciting' processes. It is a counting process that models a sequence of 'arrivals' of some type over time, for example, financial markets collapse, earthquakes, trade orders, or hot topics searching on social media. Hawkes process depict a class of physical characteristics that each arrival excites the process in the sense that the chance of a subsequent arrival is increased for some time period after the initial arrival. As such, it is a non-Markovian extension of the Poisson process [1] . Figure 1 shows Baidu Index fluctuating trends of three major hot issues from December 2018 to September 2019. It is obvious that the index demonstrate in time frequently cluster, which suggest that the underlying process is indeed self exciting. In fact, the selfexciting in such case reflect human collective herding effect. The similar physic phenomenon are ubiquitous, such as an earthquake typically increases the following interval aftershocks [2] , fighting between gangs is usually followed by a series of retaliations [3] . Hot-selling goods will lead to subsequent popularity, financial crisis through the world's financial centres will lead to continued worldwide financial market turbulence [4] .
Obviously, the classic Poisson process is inappropriate to model such types of sequence of "arrivals" with time series clustering or burst characteristics. Similar investigation on indexing and pattern discovery in time series have also attracted huge interest [5] [6] [7] [8] , but it worth to note that none of these methods specifically focused on modeling bursts. other scarce resource", which is the attention of information receivers [10] . Because of the importance and scarcity of attention [10] , M. Goldharbor et al. first developed the concept of attention economy, and the qualitative study of attention [11] . However, the quantitative study of human group attention did not really begin until the 1990s.
Collective attention is firstly presented by B. Huberman. It refers to the attention and access of a large number of groups to limited information resources, including clicks, comments, modifications and so on [12] .
In recent years, the in-depth development of social media has prompted scholars to study the competition of multiple information resources for limited attention [13] . This competition can be simplified as a critical branching process and contains a critical phenomenon [14] . On the other hand, collective attention also shows the characteristics of burst in time, especially before and after the arrival of hot events, there will be different outbreak patterns [15, 16] .
Collective attention both exhibits abundant temporal and spatial dynamics, and plays important role on knowledge creation [17, 18] , stock fluctuation prediction [19] , political prediction [20] , scientists interest transfer [21] , extreme event prediction [22] , etc.
Clicks reflect the important online users surfing behavior. The approach of clicks analysis provides a window to observe collective online activities. For example, clicks analysis can help us to understand the allocation and transmission of users' attention among news, present us a approach to explain the rise and decay of topics from the aspect of users' novelty decay [12] . In previous studies, the click stream are also used to measure the collective direction of attention diffusion [23] , or human knowledge maps [24] . These pilot empirical studies show that clicks can be used to measure online group attention dynamic.
To understand the process underlying attention on BBS, consider as an example how a new post spreads among a group of people. After it first published, the topic attract the attention of a few, then the clicks may increase constantly if they find it interesting enough. With people continuously paying attention to the post, more people may visit the post, and clicks will continue to increase. That means a positive-reinforcement effect or herding effect sets in such that trigger a short-term surge in clicks. After a couple of hours or days its cumulative clicks increasing rate slows down, even remains stagnant because of both its lack of novelty and its lack of prominent visibility (it was covered up by new posts). Thus, the cumulative clicks of each post eventually saturates to a value N(t), t −→ ∞ that depends on both its popularity and its novelty decay. Collective clicking behavior in this example exhibit a herding effect, displaying properties that characterize self-exciting Hawkes process.
In the following, based on our empirical observation that strong cluster pattern in clicking time series in Tianya Zatan, we derive the general mechanism that reflect the underling attention dynamics of rapid initial growth and prolonged decline. We discuss the stochastic mathematical model -Hawks process, its application on collective clicks, and provide plausible explanations as to quantify the degree of collective attention.
In the next section, firstly, we briefly give definitions for counting processes. Secondly, we discuss the exponential decaying conditional intensity function, and its associated Hawks counting process.
Counting and point process
In order to use Hawkes process to describe collective online clicking behaviors to measure the collective online attention, before turning to the application of Hawkes pro-cess for collective clicking modeling, some core concepts for a clear understanding of Hawkes process are given in this section. Definition 1 (Counting process). A stochastic process {N(t), t ≤ 0} is a counting process, where N(t) taking values in natural number set, satisfies N(0) = 0, is almost surely finite. N(t) is a right-continuous step function with increments of size plus 1. We regard a counting process N(t) as a cumulative count of the number of "arrivals" into a system up to the current time. Consider the sequence of users' clicking random arrival times T = {t 1 , t 2 , . . . }, at each t j , N(t j ) has a jump. Each clicking behavior excites the process in the sense that the chance of a subsequent clicking arrival is increased for some time period after the initial clicking arrival, therefore collective clicking amount {N(t), t ≥ 0} is a counting process. The underlying process is indeed self exciting, because online participants prefer to exhibit a herding behaviour [25] . This behaviour causes temporal clustering of users' clicking random arrival times T = {t 1 , t 2 , . . . }. That means using the Poisson process to model the arrival of clicks of posts is highly inappropriate. The counting process defined as these arrival times is also named a point process,
, and the number of points is almost surely finite [26] . which only relies on the historic observation of N(·), i.e. λ * (t) is σ(·) measurable, then λ * (t) is named the conditional intensity function of N(t).
Definition 3 (Hawkes process). A counting process N(t) :
t ≥ 0 with associated history σ(t) : t ≥ 0, that satisfies
Such a process N(t) is a Hawkes process. Where the Hawkes process conditional intensity function takes the form
for some background intensity λ 0 > 0 and excitation function µ : (0, ∞) −→ [0, ∞]. In the trivial case of µ(·) = 0 the Hawkes process turns into classic homogeneous Poisson process with mean λ 0 h, in other word, P(
In section 4, we use self-exciting Hawkes process (the collective clicks) to measure the degree of collective attention. The excitation function play pivotal role in describing the online group self exciting process. Based on our empirical observation, we find that the collective novelty decay pattern on Tianya Zatan is an exponential decay as shown in Figure 2 . For the reason, the remaining discussion will focus on the exponential form of the self excitation function, i.e., µ(t) = αe −βt with two constant parameters α, β > 0. The two constant parameters have the following interpretation: self excitation function µ(t) increases with α, and reduces along with the β increases. Next we focus the case of Hawkes process with exponentially decaying exciting function.
Consider the characteristics of Hawkes process asymptotic normality [27] , i.e., dN(u) = 1 √ 2π e u 2 2 du, and the case of Hawkes process with exponentially decaying exciting function, a natural extension of Eq. (1) gives
Applying calculus to Eq. (2) with upper limit T we have
Where Φ(·) is the cumulative distribution function of the standard normal distribution. Eq. 
Modelling and empirical analysis of clicks
To test the performance and robustness of our model, we consider the Tianya Zatan dataset.
Datasets
Founded in 1999, as a famous Chinese BBS, Tianya (or Tianya club) is the leading public BBS social media platform (http://bbs.tianya.cn/). It advocates self-attention, social concern, humanity concern, and plays the role of leading real world public opinion, with rapid sensitive response and distinctive position. We 
Collective novelty decaying on Tianya Zatan
In this paper, for all posts, we obtain its published time and the first reply time to the post. Then we use the probabilistic density distribution (pdf) of first-reply time interval to a new post in the first 120 mins as an index to measure collective novelty decay on Tianya Zatan. The result suggests that more than 28% posts obtain the first reply in 5 minutes. The collective novelty decay on Tianya Zatan indeed exponential decay as shown in Figure 2 . We calculate the first-reply time interval to a new post, such as The result is consistent with the empirical finding that decay in novelty can be fit to a stretched exponential relaxation law in digg.com [12] .
Here we use the collective clicks to measure the degree of collective attention. The novelty decay function becomes the key underlining dynamic mechanism to de- scribe the online group self-exciting process. For the reason, the remaining discussion will focus on the exponential form of the excitation function, i.e., µ(t) = αe −βt with two constant parameters α, β > 0. The two constant parameters have the following interpretation: each click arrival in the system instantaneously increases the arrival intensity by α, then over time this arrival's influence decays at rate β.
Distribution of collective clicks
To determine the statistical distribution of collective clicks N(t) on Tianya Zatan, when t −→ ∞ in mathematical definition, reflected in the fact that t is large enough, for example a couple of months or years. Which corresponds to the number of each post clicks that accumulated throughout forum evolution. We plot the histogram of all posts clicks from 2012/1/1 00:00:00 to 2015/12/31 23:59:00. As shown in Figure 3 
Modeling collective clicks
We use the average arrival times of clicking process for the all 4 years posts as empirical observation data, and apply Hawkes process likelihood estimation method provided in [28] , obtain background density λ 0 = 10, density enhanced parameter α = 0.1734, arrival influence decaying parameter β = 0.2133.
Consider the case of Hawkes process with exponentially decaying exciting function as in Eq. (2), we simulated the Hawkes process with parameters λ 0 = 10, α = 0.1734, β = 0.2133. Figure 4 shows that a spike at short time, and indicates an increased likelihood of another clicking following each clicking. This is a typical burst phenomenon in human dynamics. Self-exciting induce fluctuation of collective attention, reflecting condition density function This suggests that the ups and downs of collective attention, is driven by increasing production and consumption of topics (contents), and the interplay with competition for topics' novelty, resulting in a more rapid exhaustion of limited attention resources. Meanwhile, we observe that Hawkes process (N(t) : t ≥ 0) increases linearly with time t, then consecutively tends to a stable level as illustrated in Figure 5 and Figure 6 . The result is consistent with our theoretic analysis in Section 3. Then we plot the cumulative clicking counts for 5394 new posts of TianYa Zatan (selected from 1/1/2012 0:00 to 3/31/2012 23:57, the basic statistic of the selected 6 posts is shown in Table 1 .) as a function of time steps (mins) in Figure 6 . It is apparent that each post cumulative clicking volume shows an approximate initial linear growth, and then consecutively tends to a stable level. This trend is due to the reason that interest of everyone is very high at the beginning of the posts were published, then the novelty decreases exponentially over time. Comparing simulation result in Figure 5 with empirical plot in Figure 6 , we propose that self-exciting point processes can be adapted for the purpose of collective attention modeling and are well suited to capture the temporal clustering patterns observed in TianYa Zatan.
Immigration-birth analysis of clicks
Respect to collective clicking behavior to new published posts and old ones, we regard Hawkes process N(t) as a branching process. Hawkes process imagine counting the clicks in Tianya Zatan, where clicks either on new published posts or on old ones. Specifically to say, at time stamp t, Hawkes process N(t) is composed of two parts, N(t) = Nc(t)+N i (t). Where N i (t) denotes the count of clicks on new posts, while Nc(t) indicates the count of clicks on old posts. n = ∞ ∫︀ 0 αe −βt d = α β is known as branching ratio in the case of exponentially decaying intensity. A counting process (N(t) : t ≥ 0) explosion i.e., N(t) −→ ∞ as t −→ ∞ is avoided by ensuring that α < β. When the branching ratio 0 < n < 1, it can be interpreted as a probability. Therefore, any clicking arrival selected at random was generated endogenously (a child), i.e. clicking on old posts with probability n, or exogenously (an immigrant), i.e., clicking on new posts with probability 1 − n. An illustration of this interpretation is shown in Figure 7 . A numerical calculation givesα = 0.1734,β = 0.2133, and immediately we havê n = 0.8129. This means that for each clicking arrival, there are over 80% chance that it belongs to Nc(t). 
Conclusion
In this paper, we showed that the growth and decay of collective attention can be measured with dynamics of clicks and modeled by Hawkes process with exponentially decaying exciting function. The function includes two important parameters α, β. Each click arrival instantaneously increases the arrival intensity by α, then over time this arrival's influence decays at rate β. More specifically, parameter β determines the natural time scale over which attention fades, and parameter α depicts herding effect, which manifests as temporal clustering of collective attention. In conclusion, through 4 years Tianya Zatan empirical data, we observe strong regularities of collective clicks in time series that reflect attention dynamics, that provide plausible explanations as to what drives the apparently dominant dynamics of rapid initial growth and prolonged decline of collective clicking behavior.
The investigation in this study can be implemented for social medias applications. For example, The principle of self-exciting process can be applied in designing the optimal dynamic Web system, can be use to boost Web-based businesses, other practical applications include online advertising, e-marketing and online risk management and control. For example, as respect to online public opinion regulation, based on the novelty competition and human limited attention mechanism, in order to resolve the online collective behavior, and then control the further spreading of online public opinion, we might adopt the novel topic transfer strategy, i.e., release enough novel contents at the Imitation step. For future possible work, we will consider the temporal features of clicking behavior along with other driving factors such as aging, freshness of topic, sentiment of title and social network structure etc, with the aim to describe collective online behaviors more precisely.
